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' Abstract 

■ When considering quantum field theories on non-commutative spaces one inevitably 
I encounters the infamous UV/IR mixing problem. So far, only very few renormalizable 

■ models exist and all of them describe non-commutative scalar field theories on four- 
' dimensional Euclidean Groenewold-Moyal deformed space, also known as '6'-dcformcd 

space' Mg. In this work we discuss some major obstacles of constructing a renormalizable 
' non-commutative gauge field model and sketch some possible ways out. 
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1 Introduction 

Ever since the first non-commutative quantum field theory models were constructed, the 
greatest obstacle has been the infamous so-called UV/IR mixing problem [1], where certain 
types of Feynman graphs, the non-planar graphs, exhibit new unrenormalizable IR singular- 
ities in exceptional momenta (see i3,, 4] for a review) . The situation improved dramatically 
when the first renormalizable scalar non-commutative model, the Grosse-Wulkenhaar model, 
was put forward 

Baa- 

Later, a second renormalizable scalar non-commutative quantum 
field theory was presented by Gurau et al. [1] which, due to the way it is constructed, we 
would like to refer to as the 'scalar 1/p^ model'. Both models have in common that they are 
formulated on Groenewold-Moyal deformed (also called 6-deformed) Euclidean space 

Mg (rather than Minkowski), and that they 'mix' short and long distances which 'damps' 
potential IR divergences. While translation invariance is broken explicitly in the Grosse- 
Wulkenhaar model by adding an oscillator-like term to the action, the scalar model 



avoids this problem through a non-local bilinear term of the form ^cj) for the quadratic 
one-loop IR divergence inherently generated by the phase factors of the non-planar part at 
one-loop level. On the other hand, the Grosse-Wulkenhaar model implements the so-called 
Langmann-Szabo duality 11 1 and kills the infamous Landau ghost 12, [3], whereas the 
scalar l/p^ model does not. Nonetheless, both models have been proven to be renormaliz- 
able to all orders of perturbation theory. 

Despite of almost a decade of work in this field two important steps have not been 
achieved yet: 

• a good handling and efficient computation of Feynman diagrams on non-commuta- 
tive Minkowski space-time and the construction of a candidate for a renormalizable 
scalar modeQ, such as a Minkowskian version of the Grosse-Wulkenhaar or the scalar 
l/p^ model, although for the latter a promising candidate has recently been put for- 
ward |2C 



the construction of a renormalizable gauge model, or more pre cisely, a rigorous proof 
of renormalizability of one of the promising candidates 21, 22, 2^, 24, 25, 26, 27 1. 



In this work we shall discuss the present status of non-commutative gauge theories and 
point out obstacles for renormalization on a very general basis, i.e. not particular to any 
specific model. We presume 0-deformed Mg endowed with the non-local Groenewold-Moyal 
star product [9|, llo| 



($1 *$2) 



$i(x) e^ 



where i9 



flU 



(1) 



In the simplest case, which we would like to consider here, the antisymmetric real matrix 
9^1, is constant and has mass dimension —2. In addition we would like to introduce the 
notation = O^uPu- 

We start by discussing the damping of IR singularities in non-commutative scalar QFTs, 
and consider the scalar 1 /p^ model as an example in Section 12.11 We then move on to gauge 
theories and the numerous unsolved problems accompanying them in Sections 12.21 and 12.31 
before, in Section [3l we finally try to find a roadmap for future strategies concerning the 
construction of renormalizable gauge models on 0-deformed spaces. 



2 Implications of UV/IR mixing 

In order to find a way out of the UV/IR problems we have to fully understand the mech- 
anisms leading to the mixing, and the implications originating from it. Obviously, the ^ 
singularity is intimately tied to the Groenewold-Moyal product. More specifically, the defor- 
mation gives rise to phase factors of the type e'^'^'^f'^''' , with being an internal momentum 
to be integrated out, and being an external momentum. In the UV limit the rapid os- 
cillation effectively eliminates UV divergences in (non-planar) loop integrals. However, this 
damping behaviour vanishes in the limit ^ V/i or — > V/x, where the phase becomes 
unity. Naturally, in this limit the original divergence has to reappear, and in the case of a 
quadratic divergence is represented in the form 

^ There have been claims, that the UV/IR mixing is not present in a Minkowskian non-commutative QFT 
if one considers proper Feynman rules taking into account a generalized notion of time ordering [TBI , [l^ . 
[13) Hi 13 ■ However, these conjectures still lack a rigorous proof. 
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Historically, (an incomplete list of references is given by 28|, |29|, |30|, |3l|, \32\) the IR 
divergences have been neglected in the discussion of renormalization. Instead, direct corre- 
spondences between known commutative results and the outcome of planar part calculations 
of the non-commutative count er p arts have been sought. Soon afterwards, there appeared a 
series of publications [H, 113, 34, IH] describing the, finally discovered, UV/IR mixing in all 
detail. However, it was not clear at this point how to apply renormalization in the presence 
of this new effect due to the following: On the one hand, the IR divergences are no 'clas- 
sical' singularities appearing in some ill-defined loop integrals requiring regularization, but 
divergences in the external momentum. Therefore, the well known renormalization schemes 
from commutative quantum field theory cannot be applied straightforwardly. On the other 
hand, the standard choice for the renormalization conditions 36|, |37l] cannot be taken due to 
the appearance of the term in loop corrections. We will come back to these problem^ 
in Section [3l but for now, let us review another aspect of UV/IR mixing: the problem of 
non-renormalizability, and damping as its cure. 



2.1 Damping in the scalar l/p^ model 

As has been discussed at the beginning of this section, models formulated on a deformed 
space, e.g. on Euclidean Mg, typically exhibit non-local infrared divergences due to UV/IR 
mixing which lead to non-local counter terms. In the 'naive' version of non-commutative 
4>g, which is generated by simply replacing ordinary products by their star-equivalents, one 
obtains the same propagator G{k) = {k"^ + m?)^^ as in the commutative case. Computing 
a simple tadpole graph with n non-planar insertions results in [ll. [4^. 44] 





oc 



(^2)« (j92 + ^2)n+l • 



(2) 



Hence, the IR singularity grows order by order. This is due to the fact that there is no term 
present in the action of naive <j)'^ which damps the propagator. In the case of the scalar l/p^ 
model of Gurau et al. 0], for example, such an IR damping term is already included in the 
tree level action, which leads to the renormalizability of the model. This can be understood 
when considering their action 



'S'Gur. = y *^ ^ 

whose bi-linear part leads to the propagator 



1 



fc2 + m2 + |_ 



A 



-0 -k —0 -\ -I 



(3) 



(4) 



The divergence structure of the one-loop calculations is of course dominated by the region 
of large k, i.e. where the o-dependent part of the propagator is negligible, and for the 



■^One should also mention, that supersymmetry can in principle improve the situation by reducing the 
degrees of divergences, and hence the UV/IR mixing. (An incomplete list of references is given by [Sa. [ssl, 

MMM-) 
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self-energy one finds a quadratic UV divergence from the planar sector and a UV finite con- 
tribution from the non-planar sector. This latter contribution again behaves like 1/fP' for 
small external momentum p, i.e. at = one has a quadratic IR divergence in the external 
momentum. However, the model ([3|) already features an according (compensating) term in 
the tree-level action, and therefore the non-planar IR divergence merely leads to a renor- 



malized parameter a [4J, |45(. Of course, it has to be assured that no additional divergences 
appear at higher loop order. In fact, recomputing Eqn. ([2|) with the 'damped' propagator 
dl]) (which behaves like /a? for small momentum k) yields an IR finite result independent 
of the number n of insertions. A rigorous proof for this handwaving argumentation has been 
given up to all orders of perturbation theory by Gurau et al. using Multiscale Analysis 
(MSA). 

From the short discussion above we may learn three things: 

• Introduction of a 0-deformed product into quantum field theories results in inher- 
ent non-locality. Therefore, the renormalization schemes known from commutative 
theor}{l that require locality, cannot be used directly. 

• Nonetheless, it is possible to construct renormalizable models on non-commutative 



space — at least in the scalar case as has been proven by using flow equations [48|, |4 
in a matrix base formulation [H, 0] and the MSA in x-space iS] • 

• The naive approach of starting from a renormalizable commutative model and replac- 
ing all products with Groenewold-Moyal products does not lead to a renormalizable 
non-commutative theory. In fact, (by heuristic evidence) one is required to introduce 
additional non-local terms into the action in order to be able to absorb and damp the 
non-local IR divergences which are generated in loop calculations. 

2.2 Are non-commutative gauge theories feasible? 

Let us consider the situation for gauge theories, and for simplicity start with U{1) gauge 
fields on M^. The gauge invariant Yang- Mills action endowed with stars, as would be the 
naive ansatz, is given by 



Sym* = I d^x -Ffj,i, -k , with 



1 

4' 

F^,u = d^A^ - d^A^ - ig [A^ t A^] . (5) 

Notice, that the star product ([1]) modifies the initial U{1) algebra in a way that it becomes 
non- Abeliaifl. We call the resulting algebra Ui,{l). It has been shown SSSSIsl that 



only enveloping algebras, such as U{N) or 0{N) and U Sp{2N), survive the introduction of 
a deformed product (in the sense that commutators of algebra elements are again algebra 
elements), while e.g. SU{N) does not. Despite this fact, star-commutators generally do not 



■^In this respect we give a list of the most common technologies which, naturally, is far from being complete 
and shall just serve as a basic directory to start from; the Algebraic Renormalization procedure I3d|. BPHZ 
subtraction procedure [4^ and, equivalently, the bi-algebra based approach of Epstein and Glaser [47t . 

*In 0-deformed U{N) algebras all defining commutator relations are replaced by star-commutators 
[X''{x)T'' *Y''{x)T''] = {X''{x)T'' *Y''{x)T'' -Y''{x)T'' * X''{x)T'') where X, y are arbitrary functions on 
R|, and T are the generators of U{N). Hence, even in the special case ^ 1 these commutators do not 
vanish in contrast to the commutative case. 
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vanish due to property ([T|). Hence, any Moyal-deformed gauge theory is of the non-Abehan 
type. 

As indicated above, the action ([5]) does not lead to a renormahzable model no matter 
how the gauge fixing and Fadeev-Popov terms are chosen. The reason, as in the naive scalar 
case, is that one finds a quadratic IR di verg ence in the non-planar part of the self-energy 
(which is independent of the gauge fixing 55, 5^, 57, 5^]). This divergence increases as p"^" 
with loop order n (cf. ([1])). Due to BRST invariance it takes the form 



2P1J-PP 



{p 



(6) 



i.e. p^njj^ = due to p^p^ = PfiO^uPu = 0, and no term exists in the tree level action 
to absorb this divergence. Hence, in contrast to the scalar theory where renormalizability 
can be restored by adding a simple non-local term (see Section [2. ip . gauge theories contain 
an additional requirement for counter terms regarding the tensor structure. Indeed, the 
form of Eqn. ([6]) cannot simply be generated by contracting F^^^ with 0^,^ 25| but requires 
'fine tuning' of the action. Several generalizations of the mechanisms working in scalar 



2l|, y, l23|, l25|, 12a, l27|, but proofs 



theory to Yang-Mills type models have been presented 
of renormalizability are still missing, and it is not obvious that all problems can be solved. 
At least, up to now there is no model which features a suitable term to absorb the one-loop 
divergence Eqn. ([6|). 



It has recently been suggested 59|] to conduct a proof of renormalizability by exploiting 
the symmetry content of the theory by means of Algebraic Renormalization (AR). This 
latter point is questionable due to inherent uncertainties which have to be clarified before 
such an attempt may succeed. See Section [231 for a discussion of these problems. 

Finally, one may state that the obstacles are in principle the same for scalar and gauge 
models. However, a straightforward generalization of the solutions 0, @] for the scalar 
versions does not work in the latter case due to the additional demand for gauge invariance. 
In commutative theories, several techniques have been established over the years to conduct 
renormalization in the presence of symmetries 3^, 37] but application of these is prevented 
by an inherent property introduced by the deformation ([1]): non-locality. 



2.3 The curse of non-locality 

As indicated above, the introduction of the 0-deformed product ([1]) inevitably leads to 
non-locality since the product itself is non-locaH. This property is not compatible with 
some of the classical renormalization schemes. The reason is, that the premise of locality is 
required to avoid the insertion of artificial operators of negative mass dimension, which in 
turn spoil renormalizability. Of course, this is exactly the same problem we are facing now 
in non-commutative QFT and the question arises if renormalizability exists in the presence 
of non-locality. An answer to this problem has been partly given, but let us first review the 
problems in more detail in order to understand the background. 

The BPHZ scheme, and also other subtraction schemes, relies on locality. In this method, 
divergent loop integrals are rendered finite by subtracting the first n terms of its Taylor 
expansion, where n corresponds to the order of the divergence according to naive power 

^We should mention, though, that attempts have been made to make the star product local by introducing 
a bifermionic non-commutativity parameter [24I. |60|]. 
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counting. By absorbing the divergences in the parameters of the theory one obtains renor- 
maUzed quantities. Obviously, this procedure is only well-defined if the convergence radius 
of the series does not vanisho, i-e. for local integrands. However, a generalized subtraction 
scheme for integrands, where the non-locality only stems from the star-product, might be 
feasible. 

Another quite successful scheme is Algebraic Renormalization (AR) (see 



36 If or a review 



of the topic). It relies on the so-called Quantum Action Principle (QAP) [gJ, 62, 63] which, 
in turn, is based on the assumption of locality. Therefore, unfortunately, the QAP does not 
exist in its usual form on non-commutative spaces. However, even assuming that proofs 
can be found, such that a QAP exists in Moyal-deformed theories, one has to show that 
the symmetry content of the theory at tree level is stable under quantum corrections, i.e. 
that the theory is free from anomalies. This latter point involves the computation of the 
cohomology 65, [6^] H{s) = Kers/Ims (see also [s^] for an exemplary application 



of this concept in commutative theories and further references) of the nilpotent BRST 
operator s. One has to show triviality of the respective cohomology group for ghost number 
1 local functionals (i.e. anomalies), which again requires locality in all steps [66^. In this 
respect, some efforts for a generalization to non-commutative spaces have been made. For 
example, the notion of BRST cohomology and the Chern character has been introduced 



m 



68( 1 using Connes' notation of spectral triples [6 9 . |70|. Another contribution has been 
the generalization of the descent equations describing Yang-Mills anomalies to non-commu- 
tative spaces |71|]. It has also been shown [28,] that the symmetry content compatible with 
the QAP can be established for non-commutative Ui,{N) theories and is invariant under an 
explicit one-loop UV renormalization. 

For the actual AR to be applicable to non-commutative spaces two things have to be 
shown. First, the computation of the cohomology class has to be worked out rigorously 
for the ghost number functionals J^, representing the most general quantum level action, 
to fulfill sT = 0. In addition, a proof that the triviality of the cohomology is sufficient to 
guarantee renormalizability in the presence of non-locality is missing as well. 

The second point is more involved and of a more general nature, as it applies to all 
non-commutative theories: It concerns the appearance of dimensionless operator insertions 
in the action. A parameter of non-commutativity 6 with mass dimension —2 allows to freely 
add composite field operator^ of zero mass dimension, such as D^D^ or F^, to the action, 
where = D^9^u is a contracted covariant derivative and F = F^jj9fj_y is a field strength. 
Being invariant under all symmetries appearing in the QAP (and gauge transformations 
in general), there is no constraint or theorem preventing insertions of arbitrary powers of 
these operators both at tree level or as quantum correction^. This is the reason why the 
sufficiency of a trivial cohomology class for renormalizability has been questioned above 
in Section 12. 2[ We would further like to point out that, due to this problem, standard 
'top down' renormalization schemes cannot work, as they start from the set of all possible 
counter terms, and restrict them by applying constraints. Since this set is a priori infinite 
in the presence of invariant dimensionless insertions, the attempt to achieve a finite number 
of counter terms will fail, independent of the cohomology. 



®This becomes clear when considering the simple non-local function l/p^, which cannot be Taylor ex- 
panded around p = 0. 

^Note that this also occurs in scalar field theories. For example, the non-local term \I\~^(fP could be 
inserted into the tree level action to arbitrary power. 
*work in progress 
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3 A roadmap to non-commutative gauge theories 



Based on the findings above in Section [21 we may now focus on possible solutions. The 
intention is to point out approaches which have a chance to enable renormalization on 
non-commutative spaces. 

At first, bearing in mind the problem of the in principle infinite set of invariant counter 
terms, one is led to the insight that a classical 'top down' scheme, attempting to restrict this 
infinite set by constraints generated by symmetries, will not succeed. Instead, the conjecture 
must be to work 'bottom up', i.e. to start from the tree level action and to successively 
find an estimation for all possible loop results, as it is achieved by the MSA. However, the 
latter explicitly breaks gauge invariance. In Ref. [t^], attempts to treat pure Yang- Mills 
models within this renormalization approach are described. The authors tried to construct 
Schwinger functions of the field in Feynman or Landau gauge with an IR cut-off. However, 
their approach was unsuccessful: On the one hand the functional integrals they obtained 
lacked sufficient positivity, and on the other hand the related Gribov problem [73] was not 
solved. Nonetheless we may suggest to use the MSA and try to handle the Gribov problem 
using a soft breaking mechanism 26|, |7j| similar to the one present in the Gribov- Zwanziger 
action 75l. l76l. l77l|. and see if renormalizability can in principle be achieved. 

A further possibility would be to conduct the Polchinski approach which has successfully 
been applied to the Grosse-Wulkenhaar model [1, 0]. The case of (commutative) sponta- 
neously broken SU{2) Yang-Mills theory has been discussed by C. Kopper and V. F. Miiller 



781]. Their starting point was the classical BRST invariant action including all (i.e. a fi- 



nite set of) counter terms satisfying certain symmetry constraints. Since the regularization 
(which is required in the Polchinski approach) breaks the local gauge symmetry explicitly, 
the counter terms are only required to be invariant under a global 50(3) isosymmetry. The 
authors showed that this ansatz solves the flow equations to all orders by induction. In the 
case of non-commutative gauge theories the set of all possible counter terms is infinite, but 
one could choose a restricted, finite set of counter terms instead. Renormalizability would 
be established, if it could be shown that this finite set solves the flow equations. 

Another feasible path is to re-establish the foundations for AR in the non-local case. As 
we have already mentioned, the classification of anomalies by computation of the cohomology 
class H^^^ of the BRST operator for general functionals (i.e. counterterms) with ghost 
number 1 has already been achieved [6§] but the proof for ghost number 0, (i.e. the action) 
is missing. In addition it has to be assured in a rigorous way that trivial cohomology alone 
is sufficient to prove the absence of anomalies, i.e. renormalizability. And if this turns out 
not to be true, one has to find out which additional requirements are necessary. Finally, 
and this is the most important point, we have to find constraints to limit the appearance 
of insertions of massless operators into the action. In this context also the issue of field 
redefinitions might be important and maybe some classes of insertions can be rewritten 
as such redefinitions (cf. [79[] in the context of non-commutative C^r(l) gauge theory with 
Seiberg-Witten maps). 



4 Conclusion 

We have reviewed the current status of renormalization of non-commutative quantum field 
models. The effect of UV/IR mixing gives rise to the well-known quadratic IR divergence 
in the external momentum p. In gauge theories this singularity is endowed with a new 
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type of (transversal) tensor structure PpOp^Pa^a-u ^ Pp,Pu which cannot be absorbed in a 
straightforward manner. For scalar models it has been shown that this can be done by adding 
a corresponding non-local term into the tree level action. This leads to renormalizability 
because the insertion alters the propagator in a way that it 'damps' in the IR limit. In 
this respect, mainly two approaches have been followed: The Grosse-Wulkenhaar model 
featuring an oscillator-like term [B, 0| , and the 1 /p"^ model by Gurau et al. [8] . Both have 
been proven to be renormalizable up to all orders using 'bottom up' schemes, such as 
the so-called Multiscale Analysis and the Polchinski approach. From the point of view of 
renormalization the inherent non-locality introduced by the 0-deformed Groenewold-Moyal 
product turns out to be a great obstacle since almost all 'classical' procedures rely on the 
presumption of locality. It is well known that omitting the latter requirement generally leads 
to non-renormalizability since it allows for the insertion of arbitrarily high powers of massless 
operators into the action. This is exactly the problem one is facing in non-commutative 
theories. In addition, in gauge models, the mentioned insertions are completely invariant 
under any symmetry compatible with the well known Quantum Action Principle, BRST, 
or gauge transformations. At present, there is no criterion to rule out these terms, and the 
set of all possible counter terms, which is the starting point for 'classical' renormalization 
schemes such as the Algebraic Renormalization programme, is a priori infinite. 

In order to find a way out of this misery, and towards renormalizability of non-commu- 
tative gauge models, we have made several suggestions. The first one is to use schemes, such 
as the Polchinski approach or Multiscale Analysis, which both should in principle work out 
for gauge theories. However, there are indications that, in addition to the standard gauge 
fixing, a soft breaking mechanism is required in order to avoid the Gribov problem violating 
positivity of functional integrals. This point will have to be studied more thoroughly before 
the mist clears. 

Another approach is to rigorously prove that trivial cohomology automatically induces 
absence of anomalies, and renormalizability, even in the presence of a deformed product. 
Since the latter point is rather questionable one will have to find an additional criterion to 
restore validity of the Algebraic Renormalization procedure, or find some proper modifica- 
tion. Finally, it will be of great importance to investigate possible conditions to restrict the 
appearance of arbitrary powers of massless operator insertions, which affect all non-commu- 
tative models on the market. Maybe, things also simplify a bit and hints can be obtained 
more easily if one considers two dimensional models for a start. 
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